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NEW TRIGONOMETRIC AND HYPERBOLIC INEQUALITIES
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Abstract. The aim of this paper is to prove new trigonometric and hyperbolic
inequalities , which constitute among others refinements or analogs of famous Cusa-
Huygens, Wu-Srivastava, and related inequalities. In most cases, the obtained
results are sharp.
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1. introduction
Since the last decade many authors have been interested in finding upper and lower
bounds for expression f(x)/x, where f(x) is a trigonometric or a hyperbolic function.
We continue this line of research.
The inequality
(1.1) (cosx)1/3 <
sin x
x
<
cosx+ 2
3
holds for 0 < |x| < pi/2. The left hand side inequality is due to by D.D. Adamovic´
and D.S. Mitrinovic [14, p. 238], and the right hand side one was obtained by N.
Cusa and C. Huygens in 2005 [18]. The hyperbolic version of the above inequality is
given as
(1.2) (cosh x)1/3 <
sinh x
x
<
cosh x+ 2
3
,
for x 6= 0. The left hand side inequality in (1.2) was obtained by Lazarevic´ [14, p.
270], and the right hand side inequality is called sometime hyperbolic Cusa-Huygens
inequality [16].
In 1989 J. Wilker [21] discovered the following inequality
(1.3)
(
sin x
x
)2
+
tan x
x
> 2, 0 < |x| < pi
2
.
Numerous authors have studied this inequality by giving simpler proofs and gener-
alization, e.g, see [8, 17, 16, 20, 22, 23, 25, 26]. The following inequality is due to
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Huygen [9]
(1.4) 2
sin x
x
+
tanx
x
> 3, 0 < |x| < pi
2
and is called Huygens inequality or the first Wilker inequality. In [22], Wu and
Srivastava introduced the following inequality
(1.5)
( x
sin x
)2
+
x
tan x
> 2, 0 < |x| < pi
2
.
which is called the second Wilker inequality.
We study inequalities (1.1)–(1.5) and our main results are the following five theo-
rems. Our first main result is a generalization of Cusa-Huygens inequality (1.1).
1.6. Theorem. For x ∈ [−pi/2, pi/2], we have
(1.7)
cosx+ α− 1
α
≤ sin x
x
≤ cosx+ β − 1
β
,
with the best possible constants α = pi/(pi−2) ≈ 2.75194 and β = 3. The lower bound
is sharp for x ∈ {−pi/2, 0, pi/2} and the upper bound is sharp for x = 0.
1.8. Remark. The upper bound of Theorem 1.6 is sharp at point x = 0 and the
lower bound at points x = −pi/2, x = 0 and x = pi/2. For values x ∈ [−pi/2, pi/2]
the difference between the function and the lower bound is less than 0.01 and the
difference between the function and the upper bound less than 0.031. The right
hand side inequality holds true for all real numbers x and as a sharp inequality for
all x 6= 0.
In the following two theorems we introduce Wu-Srivastava type inequalities for the
trigonometric functions.
1.9. Theorem. For x ∈ [−pi/2, pi/2], we have
(1.10)
( x
sin x
)2
+
(
pi2
4
− 1
)
x
tan x
≤ pi
2
4
and the equality is attained at values x = −pi/2, x = 0 and x = pi/2.
1.11. Remark. The upper bound of Theorem 1.9 is sharp at points x = −pi/2, x = 0
and x = pi/2. For values x ∈ [−pi/2, pi/2] the difference between the function and the
upper bound is less that 0.13.
1.12. Theorem. For x ∈ [−pi/2, pi/2], we have
(1.13) (α− 1) x
sin x
+
x
tanx
≤ α,
(1.14)
( x
sin x
)α
+
x
tanx
<
(pi
2
)α
,
with the best possible constant α = pi/(pi − 2). The inequality (1.13) is sharp for
x ∈ {−pi/2, 0, pi/2} and the inequality (1.14) is sharp for x ∈ {−pi/2, pi/2}.
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1.15. Remark. For values x ∈ [−pi/2, pi/2] the difference between the function α and
the lower bound is less than 0.031. In inequality (1.14) the difference between the
function and the lower bound is between 1.45 and 1.9.
Next theorem is a generalization of the Huygens inequality.
1.16. Theorem. For x ∈ (−pi/2, pi/2), we have
(1.17) 3 cosx ≤ x
sin x
+ 2
x
tanx
≤ 2 + cosx.
The inequalities are sharp at x = 0.
The following result is a Wilker and Wu-Srivastava type result for the hyperbolic
functions.
1.18. Theorem. For x > 0, we have
(1)
( x
sinh x
)2
+
x
tanh x
<
(
sinh x
x
)2
+
tanh x
x
<
1 + cosh(2x/3)
2
(( x
sinh x
)2
+
x
tanh x
)
.
Our last result is a counterpart of the inequality
(1.19) exp(−x2/6) < 2 + cosx
3
,
x ∈ (0,∞), which recently appeared in [24, Thm 2].
1.20. Theorem. For x ∈ (0, pi/2), the following inequalities hold
exp
(
α− (pi − 2)x
2
2pi
)
<
(pi − 2) cos(x) + 2
pi
< exp
(
β − (pi − 2)x
2
2pi
)
,
with the best possible constants α = (pi2 +8 log(2/pi)− 2pi)/8 ≈ −0.00328 and β = 0.
2. Preliminaries and lemmas
2.1. Lemma. For 0 < R ≤ ∞. Let A(x) = ∑∞n=0 anxn and C(x) = ∑∞n=0 cnxn be
two real power series converging on the interval (−R,R). If the sequence {an/cn}
is increasing (decreasing) and cn > 0 for all n, then the function A(x)/C(x) is also
increasing (decreasing) on (0, R).
For |x| < pi, the following power series expansions can be found in [11, 1.3.1.4
(2)–(3)],
(2.2) x cotx = 1−
∞∑
n=1
22n
(2n)!
|B2n|x2n,
(2.3) cot x =
1
x
−
∞∑
n=1
22n
(2n)!
|B2n|x2n−1,
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and
(2.4) coth x =
1
x
+
∞∑
n=1
22n
(2n)!
|B2n|x2n−1,
where B2n are the even-indexed Bernoulli numbers, see [10, p. 231]. We can get the
following expansions directly from (2.3) and (2.4),
(2.5)
1
(sin x)2
= −(cot x)′ = 1
x2
+
∞∑
n=1
22n
(2n)!
|B2n|(2n− 1)x2n−2,
(2.6)
1
(sinh x)2
= −(coth x)′ = 1
x2
−
∞∑
n=1
22n
(2n)!
(2n− 1)|B2n|x2n−2.
For the following expansion formula
(2.7)
x
sin x
= 1 +
∞∑
n=1
22n − 2
(2n)!
|B2n|x2n
see [13].
2.8. Lemma. [2, Theorem 2] For −∞ < a < b < ∞, let f, g : [a, b] → R be
continuous on [a, b], and differentiable on (a, b). Let g
′
(x) 6= 0 on (a, b). If f ′(x)/g′(x)
is increasing (decreasing) on (a, b), then so are
f(x)− f(a)
g(x)− g(a) and
f(x)− f(b)
g(x)− g(b) .
If f
′
(x)/g
′
(x) is strictly monotone, then the monotonicity in the conclusion is also
strict.
2.9. Lemma. The following function
f1(x) =
(x/ sin x)2 − x cotx
1− x cot x
is strictly increasing from (0, pi/2) onto (pi2/4).
Proof. Let f1(x) = A1(x)/C1(x), where
A1(x) = (x/ sin x)
2 − x cot x and C1(x) = 1− x cot x.
By using expansion formulas (2.3) and (2.5) we get
A1(x) = 1 +
∞∑
n=1
22n
(2n)!
(2n− 1)|B2n|x2n − 1 +
∞∑
n=1
22n
(2n)!
|B2n|x2n
=
∞∑
n=1
22n2n
(2n)!
|B2n|x2n =
∞∑
n=1
anx
2n,
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and
C1(x) =
∞∑
n=1
22n
(2n)!
|B2n|x2n =
∞∑
n=1
cnx
2n.
Let dn = an/cn = 2n, which is the increasing in n ∈ N. Thus, by Lemma 2.1 f1(x) is
strictly increasing in x ∈ (0, pi/2). Applying l’Hoˆpital rule, we get limx→0 f1(x) = 2
and limx→pi/2 f1(x) = pi
2/4. This completes the proof. 
2.10. Lemma. One has
(2.11)
tanh x
x
≤ 2√
9 + 4x2 − 1 , x ∈ R,
(2.12)
sinh x
x
<
cosh x+ 2
3
< (cosh x)1/3
cosh(2x/3) + 1
2
, x > 0.
Proof. Clearly both sides of the inequality (2.11) get value 1 at x = 0. By symmetry
of the function we need consider only the positive values of x. Let
f2(x) =
(
2x
tanhx
+ 1
)2
− 4x2 − 9.
We get,
f ′2(x) = 4
(
cothx+
x(1− 2x coth x)
(sinh x)2
)
= 4
x2 cosh x
(sinh x)3
((
sinh x
x
)2
+
tanh x
x
− 2
)
= 4
x2 cosh x
(sinh x)3
f3(x) > 0,
where the inequality follows since f3(x) > 0 is equivalent to
sinh x
x
+
1
cosh x
>
x
sinh x
,
which is clearly true because (sinh x)/x > 1. Now f2 is strictly increasing, and
limx→0 f2(x) = 0 < f2(x). This implies the proof of (2.11).
The first inequality in (2.12) is well known, for the second inequality we define
f4(x) =
cosh x+ 2
3
− (cosh x)1/3 cosh(2x/3) + 1
2
.
Simple computation gives
f ′4(x) =
sinh x
3
− 2 sinh x+ 4 cosh2/3 x sinh x− 3 sinh 5x
3
12(cosh x)2/3
and clearly sinh x
3
− 2 sinh x < 0. We prove that 4 cosh2/3 x sinh x − 3 sinh 5x
3
< 0,
which is equivalent to
f5(x) = 4 sinhx+ 2 sinh(3x) +
11
8
sinh(5x)− 81
8
sinh
5x
3
> 0.
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Since
f ′′5 (x) = 4 sinh x+ 18 sinh(3x) +
275
8
sinh(5x)− 225
8
sinh
5x
3
≥ 275
8
sinh(5x)− 225
8
sinh
5x
3
> 0
for all x > 0, it is clear that f ′5(x) > f
′
5(0) = 0 and f5(x) is increasing. Thus
f5(x) > f5(0) = 0. 
2.13. Remark. In Lemma (2.11) the difference between the function and the upper
bound is less than 0.02. The upper bound is asymptotically sharp 2√
9+4x2−1− tanh xx →
0 as x→ ±∞.
3. Proofs of the main results
In this section we give the proof of our theorems.
Proof of Theorem 1.6. Sharpness of the bounds is obvious. Since the bounds and
the function sinx
x
are even we need to prove sharp inequality for x ∈ (0, pi/2). Let
f6(x) =
cosx− 1
(sin x)/x− 1 =
(sin x)/x− x cot x
x/ sin x− 1 =
A2(x)
C2(x)
.
Using series expansion formulas (2.2) and (2.7), we get
A2(x) =
∞∑
n=1
22n − 2
(2n)!
|B2n|x2n +
∞∑
n=1
22n
(2n)!
|B2n|x2n
=
∞∑
n=1
2(22n − 1)
(2n)!
|B2n|x2n =
∞∑
n=1
a˜nx
2n,
and
C2(x) =
∞∑
n=1
22n − 2
(2n)!
|B2n|x2n =
∞∑
n=1
c˜nx
2n.
Write d˜ = a˜/c˜ = 2(22n − 1)/(22n − 2). Clearly d˜ is a decreasing function of n ∈ N.
Hence f6 is decreasing by Lemma 2.1. Applying l’Hoˆpital rule, we get limx→0 f6(x) =
3 and limx→pi/2 f6(x) = pi/(pi − 2), this finishes the proof. 
Proof of Theorem 1.9. Equality in the claim is clearly attained at points x =
−pi/2, x = 0 and x = pi/2. Since the left hand side of the inequality is an even
function we need to show that the inequality is sharp for x ∈ (0, pi/2). Let
x/ sin x− cosx
(sin x)/x− x cotx =
(x/ sin x)2 − x cotx
1− x cot x = f1(x).
By Lemma 2.9, we get
2 <
x/ sin x− cosx
(sin x)/x− x cot x <
pi2
4
,
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this implies the following inequalities
(3.1)
4
pi2
(
x
sin x
+
(
pi2
4
− 1
)
cosx
)
<
sin x
x
<
1
2
( x
sin x
+ cosx
)
.
The first inequality of (3.1) can be written as (1.10). This completes the proof. 
The second inequality of (3.1) is also proved by Neuman and Sa´ndor, see [16,
Theorem 2.3], They pointed out that it can be written as the the Wu-Srivastava
inequality.
3.2. Lemma. Let α = pi/(pi − 2) as in Theorem 1.6. The function
fα(b) =
(
α
α + b− 1
)α
+
αb
α + b− 1
is decreasing from (0, 1) onto (2, k), where k = (pi/2)α ≈ 3.46505.
Proof. We get
f ′α(b) =
a (a− 1− (a+ b− 1) (a/(a+ b− 1))a)
(a+ b− 1)2
= −pi(pi
pi/(pi−2)(2 + pi(pi − 2))(2−pi)/2 − 2)
(2 + b(pi − 2))2 ,
which is negative, and fα tends to k and 2 when x tends to 0 and 1, respectively. 
Proof of Theorem 1.12. The inequality (1.13) follows from the first inequality of
(1.7). Again, utilizing the same inequality
x
sin x
<
α
α− 1 + cosx,
we get( x
sin x
)α
+
x
tan x
<
(
α
α− 1 + cosx
)α
+
α cosx
α− 1 + cosx = fα(cosx) <
(pi
2
)α
by Lemma 3.2, because fα(cosx) is strictly increasing and limx→1 fα(cosx) = (pi/2)
α.

An other proof of (1.13). Let
f(x) = (α− 1) x
sin x
+
x
tanx
for x ∈ (0, pi/2). An easy computation gives
(sin x)2 · f ′(x) = (α− 1) sin x− (α− 1)x cosx+ sin x cosx− x = g(x).
One has g′(x) = (2(sin x)/x) · h(x), where h(x) = (α − 1)/2 − (sin x)/x. As the
function of x, (sin x)/x is strictly decreasing, the equation (α− 1)/2 = (sin x)/x has
at most a single root in (0, pi/2).
8 B.A BHAYO, R. KLE´N, AND J. SA´NDOR
Suppose that (α − 1)/2 < 1, then the equation has exactly one root x0 ≈ 0.8795.
As h(x) < 0 for x < x0 and h(x) > 0 for x > x0, the function g(x) will be strictly
decreasing for x in (0, x0), and strictly increasing in (x0, pi/2).
Suppose that α > pi/2 + 1, which is equivalent to (α − 1)/2 > pi/4. Then we
get g(pi/2) = α − 1 − pi/2 > 0. As g(0) = 0, clearly g(x0) < 0, and g will have
a single root x1 between (x0, pi/2). Then we get g(x) < 0 for x in (0, x1), and
g(x) > 0 for x in (x1, pi/2), where x1 ≈ 1.1559. This means that at the points 0
and pi/2 the function f(x) will take the maximum values. Supposing f(pi/2) ≤ f(0),
the inequality f(x) ≤ α will be true. Now, f(pi/2) ≤ f(0) means exactly that
α ≤ pi/(pi − 2). Remark that for the best possible α = pi/(pi − 2) one has also
α > pi/2 + 1 and (α − 1)/2 < 1, so the assumed properties in the proof are valid.
This finishes the proof of inequality f(x) ≤ α, with best possible α = pi/(pi − 2). 
3.3. Remark. Indeed, the point x1 above is the minimum point of f(x) on (0, pi/2).
In fact the following converse of inequality (1.13)
(3.4) (α− 1) x
sin x
+
x
tanx
≥ f(x1) ≈ 2.7219
holds true for α = pi/(pi−2), (α−1)/2 < 1 and α > pi/2+1 (as α < 3, it is sufficient
to suppose pi/2 + 1 < α ≤ pi/(pi − 2)).
Proof of Theorem 1.16. Clearly the function, its lower and upper bound get value
3 at origin. By symmetry of the function we consider only values x ∈ (0, pi/2). The
second inequality in (1.17) is equivalent to write
f7(x) =
(
2 + cosx
3 cosx
)
−
(
2x
sin x
+
x
sin x cosx
)
> 0.
It is sufficient to prove that f7 > 0. Using the the following inequalities
(cos(x/2))4/3 <
sin x
x
<
2 + cosx
3
we get,
f7(x) >
3
cosx
sin x
x
− x
sin x
(
2 +
1
cosx
)
=
3x
sin x cos x
((
sin x
x
)2
− 2 cosx+ 1
3
)
>
3x
sin x cos x
((
1 + cosx
2
)4/3
− 2 cosx+ 1
3
)
=
6x
sin 2x
f8(x).
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For showing that f8 is positive, we define the function
f9(y) =
(1 + y)4
(2y + 1)3
, y ∈ (0, 1),
and get
f ′9(y) =
(1− y)(1 + y)3
(1 + 2y)4
< 0,
with f9(1) = 16/27. This implies that f8 is positive, and this completes the proof of
the second inequality. 
3.5. Remark. The upper bound of Theorem 1.16 holds true for values x ∈ (−pi, pi).
The difference between the function and the lower bound is less than 1.6 and between
the function and the upper bound is less than 0.55. In both cases the difference is
less than x2.
3.6. Corollary. For x ∈ (0, pi/2), we have
(3.7)
pi
2
+ cosx <
x
sin x
+ 2
x
tanx
< 2 + cos x,
Proof. Let f(x) = x/ sin x + 2x/ tanx cosx for x ∈ (0, pi/2). After elementary com-
putations, we get
f ′(x) · (sin x)2 = sin x− x cos x+ 2 sin x cosx− 2x+ (sin x)3 = h(x).
One has h′(x) = sin x · k(x), where
k(x) = x− 4 sin x+ 3 sinx cos x.
As k′(x) = 4(cosx)2 − 4 cosx− 2(sin x)2, by 0 < cosx < 1 we clearly get k′(x) < 0.
Thus k(x) < k(0) = 0, implying h(x) < h(0) = 0. Finally, we get f ′(x) < 0.
Thus f(x) is strictly decreasing, this implies f(pi/2) < f(x) < f(0), so the result
follows. 
We remark here that the first inequality of (3.7) cannot be compared with the first
inequality of (1.17), and obviously the right hand sides of both inequalities are the
same.
3.8. Corollary. The inequality (2.11) implies the hyperbolic version of the Wu-
Srivastava inequality (1.5).
Proof. It is easy to see that the inequality (2.11) implies the validity of( x
tanh x
)2
+
x
tanh x
− x2 − 2 > 0.
The above inequality can be written as( x
sinh x
)2
+
x
tanh x
> 0,
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by observing that ( x
sinh x
)2
− x2 = x
sinh x
> 0. 
Proof of Theorem 1.18. The first inequality is well known and follows from (1.2).
Similarly the second inequality follows from (2.12). 
3.9. Theorem. For x ∈ (−pi/2, pi/2), one has
(1)
cosx+ 2
3α1
<
sin x
x
<
cos x+ 2
3β1
,
(2)
cosx+ 2α2
3
<
sin x
x
<
cosx+ 2β2
3
.
with best possible constants α1 = log(pi)/ log(3) ≈ 1.04198, α2 = log(pi/6)/ log(2) ≈
0.93345, β1 = 1 and β2 = 1.
Proof. For (1), let f10(x) =
x(2+cos x)
sinx
, with x ∈ (0, pi/2). One has
(sin x)2 · f ′10(x) = 2 sinx− 2x cosx+ sin x cos x− x = f11(x).
As f ′11(x) = 2(sin x)(x−sin x) > 0, we get f11(x) > f11(0) = 0, so f ′10(x) > 0, proving
that f10(x) is strictly increasing. This implies that the function
f12(x) =
1
log 3
log
(
x(cos x+ 2)
sin x
)
is strictly increasing in x ∈ (0, pi/2), and we get
β1 = f12(0+) < f12(x) < f12(pi/2) = α1,
thus (1) follows.
For the proof of (2), write f13 = 3(sin x)/x− cos x, x ∈ (0, pi/2). One has
x2f ′13(x) = 3x cosx+ x
2 sin x− 3 sinx = f14(x).
Here f ′14(x) = x(x cos x − sin x) < 0, since x cos x < sin x. This proves f14(x) <
f14(0) = 0, i.e. f
′
13(x) < 0, proving that f13(x) is strictly decreasing. This implies
f13(x) < f13(0+) = 2 and f13(x) > f13(pi/2) = 6/pi . As 2 = 2
β2 for β2 = 1, and
6/pi = 2α2 for α2 = log(6/pi))/ log(2), the result follows. 
Proof of Theorem 1.20. Let
f(x) = log
(
(pi − 2) cosx+ 2
pi
)
+
(pi − 2)x2
2pi
.
Simple calculation yields
f ′(x) = (pi − 2)
(
x
pi
− sin x
2 + (pi − 2) cosx
)
,
which is negative by Theorem 1.6. Thus, the f function is strictly decreasing, and
α = lim
x→pi/2
f(x) < f(x) < 0 = β = lim
x→0
f(x).
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This implies the proof. 
We finish the paper by giving a new type of Kober’s inequality [14, 19], which
follows easily from (1.19) and Theorem 1.20.
3.10. Corollary. For x ∈ (0, pi/2), the following inequalities hold
3 exp
(
−x
2
6
)
− 2 < cosx < pi exp(−(pi − 2)x
2/(2pi))− 2
pi − 2 .
References
[1] M. Abramowitz, I. Stegun, eds.: Handbook of mathematical functions with formulas,
graphs and mathematical tables. National Bureau of Standards, Dover, New York, 1965.
[2] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen: Monotonicity Rules
in Calculus. Amer. Math. Month. Vol. 113, No. 9 (2006), pp. 805–816.
[3] A´. Baricz: Geometric properties of generalized Bessel functions, Publ. Math. Debrecen
73 (2008), 155–178.
[4] A´. Baricz and J. Sa´ndor: Extensions of generalized Wilker inequality to Bessel func-
tions, J. Math. Inequal. 2 (2008), No. 3, 397-406.
[5] A. Baricz and S. Wu: Sharp Jordan type inequalities for Bessel functions,
Publ.Math.Debrecen 74(2009), 107–126.
[6] M. Biernacki, J. Krzyz: On the monotonicity of certain functionals in the theory of
analytic functions. Ann. Univ. Mariae. Curie-Sklodowska 2 (1955) 134–145.
[7] C.-P. Chen and J. Sa´ndor : Inequality chains for Wilker, Huygens and Lazarevic´ type
inequalities, J. Math.Ineq. 7(2013), no.4, 569–575.
[8] B.-N. Guo, B.-M. Qiao and F. Qi, and W. Li: On new proofs of Wilker inequalities
involving trigonometric functions, Math. Inequal. Appl. 6 (2003), No. 1, 1922.
[9] C. Huygens: Oeuvres Completes 1888-1940, Socie´te´ Hollondaise des Science, Haga.
[10] K. Ireland, M. Rosen: A Classical Introduction to Modern Number Theory. 2nd ed.,
Springer-Verlag, New York, Berlin, Heidelberg, 1990.
[11] A. Jeffrey: Handbook of Mathematical Formulas and Integrals, 3rd ed., Elsevier Aca-
demic Press, 2004.
[12] R. Kle´n, M. Visuri and M. Vuorinen: On Jordan type inequalities for hyperbolic
functions, J. Ineq. Appl., vol. 2010, pp. 14.
[13] J.-L Li An identity related to Jordan’s inequality, International Journal of Mathematics
and Mathematical Sciences (2006) 6. doi:10.1155/IJMMS/2006/76782. Article ID 76782.
[14] D.S. Mitrinovic´: Analytic Inequalities, Springer-Verlag, Berlin, 1970.
[15] E. Neuman: Refinements and generalizations of certain inequalities involving trigono-
metric and hyperbolic functions, Advances in Inequalities and Applications, 1 (2012), No.
1, 1–11.
[16] E. Neuman and J. Sa´ndor: On some inequalities involving trigonometric and hyper-
bolic functions with emphasis on the Cusa-Huygens, Wilker, and Huygens inequalities,
Math. Inequal. Appl. Vol. 13, Number 4 (2010), 715–723.
[17] I. Pinelis: L’Hoˆspital rules of monotonicity and Wilker-Anglesio inequality, Amer. Math.
Month. 111 (2004), 905–909.
[18] J. Sa´ndor and M. Bencze: On Huygens’ trigonometric inequality, RGMIA Res. Rep.
Collection, 8 (2005), No. 3, Art. 14.
[19] J. Sa´ndor: On new refinements of Kober’s and Jordan’s inequality, Notes Number The-
ory Discr.Math. 19(2013), no.1, 73–83.
12 B.A BHAYO, R. KLE´N, AND J. SA´NDOR
[20] J.S. Sumner, A.A. Jagers, M. Vowe, and J. Anglesio: Inequalities involving
trigonometric functions, Amer. Math. Month. 98 (1991), 264–267.
[21] J.B. Wilker: Problem E 3306, Amer. Math. Monthly 96 (1989), 55.
[22] S.-H. Wu and H. M. Srivastava: A weighted and exponential generalization of Wilker’s
inequality and its applications, Integral Transforms and Spec. Funct. 18 (2007), No. 8,
525–535.
[23] S.-H. Wu and H. M. Srivastava: A further refinement of Wilker’s inequality, Integral
Transforms and Spec. Funct. 19 (2008), No. 10, 757–765.
[24] Z.-H. Yang Refinements of a two-sided inequality for trigonometric functions, J. Math.
Inequal., 7, 4 (2013) 601–615.
[25] L. Zhu: A new simple proof of Wilker’s inequality, Math. Inequal. Appl. 8 (2005), No.
4, 749–750.
[26] L. Zhu: On Wilker-type inequalities, Math. Inequal. Appl. 10 (2007), No. 4, 727–731.
Koulutuskeskus Salpaus (Salpaus Further Education), 15110 Lahti, Finland
E-mail address : bhayo.barkat@gmail.com
Department of Mathematics and Statistics, University of Turku, FI-20014 Finland
E-mail address : riku.klen@utu.fi
Babes¸-Bolyai University Department of Mathematics Str. Kogalniceanu nr. 1
400084 Cluj-Napoca, Romania
E-mail address : jsandor@math.ubbcluj.ro
